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Some ChPT Observations
•	 The RBC and UKQCD Collaborations have been using NLO SU(2) ChPT to extrapo-

late to physical quark masses, since observing (PRD 78 (2008) 114509) that SU(3) 
NLO fits gave small f0 (and hence large NLO corrections) when fit to mPS in 250-400 
MeV range. 
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Figure 17: In panel (a) we reprint our summary of SU(2) and SU(3) fits to the pseudoscalar decay constant
on the 24I ensemble from an earlier work. Closed (open) symbols denote measurements with degenerate
(nondegenerate) quarks; degenerate unitary light quark measurements are further marked with a cross. The
red and black curves are the partially quenched SU(2) (solid) and SU(3) (dotted) fits to each ensemble,
whereas the green and blue curves are the unitary SU(2) extrapolation and the SU(3) extrapolation with
three degenerate quarks (m

l

= m

h

= m), respectively. Panel (b) shows two SU(3) fits from this work:
the first includes the full data set (“all ensembles”), while the second fit is restricted to the same set of
24I measurements analyzed in the fits from the left panel (“24I only”). In this figure the solid curves show
the light quark mass dependence of the light-light pseudoscalar decay constant with m

h

= m

physical
s

fixed,
and the dashed curves show the degenerate SU(3) extrapolation (m

l

= m

h

= m). In panel (c) we show a
stacked histogram of the deviation between the “all ensembles” fit and the 24I data in units of the standard
deviation of the data.

6.7 Predictions

6.7.1 Unquenched LECs

Table 16 summarizes our results for the unquenched SU(3) leading order and next-to leading order low

energy constants, computed from the relations in Appendix A.1. We follow the same procedure we used for

51

v

•	 With extensive new data, test NNLO SU(2) ChPT fits.

•	 With extensive new data, revisit NLO and NNLO SU(3) ChPT
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Essentially Physical Quark Mass Ensembles

f
:

70 80 90 100 110 120 130 140 150

2000 quench 137.0(11.0)

2007 127.0( 4.0)

2008 124.1( 7.8)

2010 124.0( 5.4)

2014 130.2( 0.9)

2013 FLAG 130.2( 1.4)

RBC/UKQCD f
:

fK
100 110 120 130 140 150 160 170

2000 quench 156.0( 8.0)

2007 157.0( 5.0)

2008 149.6( 7.3)

2010 149.0( 4.5)

2014 155.5( 0.8)

2013 FLAG 156.3( 0.9)

RBC/UKQCD fK

•	 Use SU(2) ChPT to make small extrapolation (arXiv:1411.7017).

•	 Inputs:  mπ, mK and m�.    Outputs:  fπ and fK.  Overweight physical pt. ensembles

Quantity Physical Value Ens. 10 Value Deviation Ens. 11 Value Deviation
mπ/mK 0.2723 0.2790 2.4% 0.2742 0.7%
mπ/m� 0.0807 0.0830 2.8% 0.0822 1.9%

mK/m� 0.2964 0.2974 0.3% 0.2998 1.2%
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SU(2) ChPT Fits to mPS and fPS

•	 We can simultaneously fit lattice data for different lattice spacings, actions and vol-
umes using expansions of the form (SU(2) NLO example): 
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Given the definition of a scaling trajectory, the variation of the quantity χel needed to apply Eq. (38)

to the ensemble e is actually trivial. Because our choice of quark mass m̃el gives the same value for

mll for each ensemble e on our scaling trajectory, all of the quantities in Eq. (38) with the possible

exception of the χel which we are now considering, are the same when expressed in physical units

for all points on the scaling trajectory. Thus, χel = 2Bem̃el /(ae)2 must be a constant as well, where

Be and m̃el are explicitly left in lattice units. Since we know how the quantities m̃l and a2 are related

between an ensemble e and our primary ensemble 1, we can determine the N−1 constants Be in

terms of the single constant B1:

Be =
Zel
Rea
B1 (40)

without any a2 corrections. Because of the complex scaling behavior of the mass, we will treat

B1 as one of the LEC’s to be determined in our fitting and not relate it to a “physical” continuum

quantity whose definition would require introducing a continuum mass renormalization scheme.

We conclude that our lattice results for light pseudoscalar masses and decay constants obtained

from a series of ensembles {e} can be described through NLO by the formulae:

(mell)
2 = χel + χel ·

{
16
f 2

(
(2L(2)

8 −L(2)
5 )+2(2L(2)

6 −L(2)
4 )

)
χel +

1
16π2 f 2

χel log
χel
Λ2χ

}

(41)

f ell = f
[
1+ c f (ae)2

]
+ f ·

{
8
f 2

(2L(2)
4 +L(2)

5 )χel −
χel

8π2 f 2
log

χel
Λ2χ

}

(42)

with

χel =
Zel
Rea

B1m̃el
(ae)2

(43)

where all quantities in Eqs. (41) and (42) are expressed in physical units (except for B1 and m̃el in

Eq. (43) which are given in lattice units).

Two important refinements should be mentioned. First, for the case of a physical scaling trajectory,

i.e. one which terminates in the physical masses mπ , mK and mΩ, these physical units are naturally

GeV. However, for other scaling trajectories appropriate “physical” units to use can be those in

which the Omega mass is unity. Second, for simplicity in Eqs. (38), (39), (41) and (42) we have

treated the heavy quark mass as fixed and not displayed the dependence of the quantities f , B,

L4, L5, L6 and L8 on mh. In practice we can easily generalize these equations to describe the

dependence of mll and fll on mh as well. Provided we limit the variation of mh to a small range

about an expansion point m̃h0, this variation can be described by including a linear term inmh−m̃h0
and treating this term as NLO in our power counting scheme. Thus, such extra linear terms will

•	 At NNLO order, using codes from Bijnens and collaborators, we fit to 

          

allowing us to ultimately take the continuum limit a ! 0. All fits are performed in the bare, dimensionless

lattice units of a single reference ensemble, which we choose to be our 323 ⇥ 64 Iwasaki (32I) lattice (Table

2). We introduce additional fit parameters

R

e
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)
e
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to convert between bare lattice units on the reference ensemble r and other ensembles e, where a is the

lattice spacing and m̃

q

= m

q

+mres is the total quark mass5.

The chiral ansätze discussed above reflect a simultaneous expansion in the quark masses, lattice volume

(L), and lattice spacing (a), about the infinite volume, continuum, chiral limit. Our power-counting scheme

counts the dominant discretization term — which is proportional to a

2 for domain wall fermions — as

O(p4). While we include continuum PQChPT terms up to O(p6) in our NNLO fits, cross terms proportional

to X

NLO ⇥�NLO
X

and X

NLO ⇥ a

2 are neglected since they are higher-order in our power-counting, and are

empirically observed to be small. The full chiral ansatz for X 2 {m2
⇡

, f

⇡

}, for example, including the finite

volume and a

2 terms, has the generic form

X(m̃
q

, L, a

2) ' X0

�

1 +X

NLO(m̃
q

) +X

NNLO(m̃
q

)
| {z }

NNLO Continuum PQChPT

+ �NLO
X

(m̃
q

, L)
| {z }

NLO FV corrections

+ c

X

a

2

| {z }

Lattice spacing

�

(9)

where X0 is the value of X in the chiral, continuum, and infinite-volume limit, and “'” denotes equality up

to truncation of higher order terms. The NLO SU(2) ansätze are written in complete detail in Appendix H

of Ref. [8]; the generalization to NNLO is straightforward. Appendix B of the same reference also discusses

how to write a given chiral ansatz in our dimensionless formalism.

The procedure for performing a global fit is as follows:

1. The valence quark mass dependence of mres is fit to a linear ansatz on each ensemble. We then

extrapolate mres to the chiral limit m
q

! 0, and use this value in the remainder of the analysis.

2. A simultaneous chiral/continuum fit of m2
⇡

, m2
K

, f
⇡

, f
K

, m⌦, t
1/2
0 and w0 is performed on all ensembles

using the ansätze described in the preceding paragraph. The quark mass dependence is parametrized

in terms of m̃
q

= m

q

+mres. This step also determines the ratios of lattice scales R

e

a

and Z

e

{l,h} and

the dependence on a

2.

3. Three of the quantities from 2 are defined to have no a

2 corrections and establish our continuum scaling

trajectory by matching onto their known, physical values6. In the analysis of [8] we have used m

⇡

, m
K

,

and m⌦, and implemented this condition by numerically inverting the chiral fit to determine input bare

valence quark masses m

phys
l

and m

phys
h

such that the ratios m

⇡

/m⌦ and m

K

/m⌦ take their physical

values.

5In the domain wall fermion formalism a finite fifth dimension introduces a small chiral symmetry breaking, leading to an
additive renormalization of the input quark masses by mres (the residual mass). In Section 4.2 we briefly discuss how mres is
extracted.

6For reference, our values for the “physical”, isospin symmetric masses and decay constants, excluding QED e↵ects, are:

mphys
⇡

= 135.0MeV (PDG ⇡0 mass), mphys
K

= 495.7MeV (average of the PDG K0 and K± masses), mphys
⌦ = 1672.45MeV

(PDG ⌦� mass), fphys
⇡

= 130.7MeV (PDG ⇡� decay constant), and fphys
K

= 156.1MeV (PDG K� decay constant) [26].

7

•	 For SU(2), we use mπ, mK and m� to set the scale.

•	 There are different a2 corrections to the decay constants for I and ID actions.

•	 Heavy quark ChPT used for light quark extrapolation of kaon.

•	 t0
1/2 and w0 are also fit using a linear chiral ansatz.
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Some SU(2) ChPT Fit Details

•	 2+1 flavor, (M)DWF ensembles 
of the RBC and UKQCD 
collaborations used in these fits.

•	 Volumes:  (2.0 fm)3 to (5.5 fm)3

•	 3.8 ≤ mπL ≤ 5.8.

•	 ~100 quark mass combinations 
for mPS ≤ 510 MeV

•	 mPS and fPS have statistical errors 
in the 0.1-0.4% range.

•	 Standard least-squares fitting

•	 Superjacknife for errors

•	 w0 and t0 not included in fit

•	 mπ cuts of 370 and 450 MeV used 
for both NLO and NNLO
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•	 Data is reweighted in dynamical strange 
quark mass to the self-consistently deter-
mined physical strange quark mass.



8

SU(2):  Compare NLO @ 370 MeV with NNLO @ 450 MeV
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Convergence of SU(2) Fits and Data for mπ
2 and fπ

NLO 370 MeV Cut NNLO 450 MeV Cut
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SU(3) Fits
•	 2+1 flavor, (M)DWF ensembles 

of the RBC and UKQCD 
collaborations used in these fits.

•	 Volumes:  (2.0 fm)3 to (5.5 fm)3

•	 3.8 ≤ mπL ≤ 5.8.

•	 ~100 quark mass combinations 
for mPS ≤ 510 MeV

•	 mPS and fPS have statistical errors 
in the 0.1-0.4% range.

•	 Standard least-squares fitting

•	 Superjacknife for errors

•	 w0 and t0 not included in fit

•	 mπ cuts of 370 and 510 MeV used 
for both NLO and NNLO

•	 mπ, fπ and m� used to set the 
scale.  No O(a2) terms included.
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•	 For NLO fits, f0 ~ 113 MeV

•	 For NNLO fits, f0 ~ 128 MeV

•	 Indicates not enough data or not very con-
vergent or both.

•	 Our choice:  freeze NNLO values for f0 and 
B0 to NLO result for each jacknife block
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Figure 11: Stacked histograms of the signed deviation of the data from the fit in units of the standard
deviation.

6.4 Unitary Chiral Extrapolation

In Figures 12 and 13 we plot the unitary pseudoscalar mass and decay constant measurements on each

ensemble together with the ChPT predictions obtained using the LECs from each fit. We separately plot

curves for the light quark mass dependence of the pion and the strange quark mass dependence of the kaon,

where the fit has been used to correct the light (strange) quark mass to its physical value for the pion (kaon)

data. In both cases the fit is also used to correct the data to the infinite volume limit. No explicit continuum

correction is made. We also plot a dotted horizontal line which corresponds to the PDG value of the kaon

mass or decay constant, which we compare to the prediction from the fit (marked “physical point”). As

before, the quark masses have been renormalized in the MS scheme using the renormalization coe�cients

from Ref. [8]. We find that the SU(3) low energy constants are too poorly determined by the NNLO fit

with m

cut
xy

= 370MeV to extrapolate beyond the range of quark masses directly constrained by lattice data,

and so we do not include plots for this fit.

In Figure 13 we observe a clear tension between the (unitary) pion decay constant measured on the

heaviest 24I and 32I ensembles (m
⇡

& 400MeV) and the NLO SU(3) ansatz. Even in the fit with a more

aggressive mass cut, where the values of the LECs have been directly constrained by these heavy points, the

curvature of the ChPT formula is simply too large to match the lattice data. The situation is improved at

NNLO, but suggests a large, rapidly growing NNLO correction. We conclude that NLO fits are unreliable

at this scale.

41

Histograms of Deviations in Units of σ
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Assessing Reliability of Expansion
•	 The data shows m m f

2 +r  to be very accurate over a large range of masses

•	 Therefore NLO corrections to m2
r  must be small

•	 For NNLO fits must have either or both:

*	 NLO terms ~ -(NNLO terms)

*	 Both NLO and NNLO terms small 

•	 This means the series for m2
r  will not have LO NLO NNLO> >

•	 To be reasonably reliable, it should have LO NLO NNLO> +

•	 fπ can then be used to judge reliability of expansion.  If reliable, then should find 
LO NLO NNLO> >  and LO NLO NNLO> +
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Decomposition of ChPT Expansion:  mh = ms
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(b) NNLO with frozen LO LECs, mcut
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= 510MeV
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(d) NNLO with frozen LO LECs, mcut
xy

= 510MeV

Figure 14: Decomposition of the terms in the SU(3) chiral expansion into LO, NLO, and NNLO terms,
normalized by LO, with the heavy (dynamical) quark fixed at the physical strange quark mass. The light-
light pseudoscalar mass (top) and decay constant (bottom) are plotted as a function of the light quark mass,
using the LECs obtained from an NLO fit with a pseudoscalar mass cut of 370 MeV (left) and from an NNLO
fit with a pseudoscalar mass cut of 510 and frozen LO LECs (right). The vertical dashed line corresponds
to the heaviest unitary point included in the fit, and the horizontal dotted line marks zero.

While the qualitative behavior of the expansion is similar to the SU(2) case — in particular, the NLO and

NNLO contributions to m

2
⇡

enter with similar magnitudes but opposite signs, leaving the total approximately

linear in the light quark mass, while both the NLO and NNLO contributions to the pion decay constant are

positive and add — the individual terms are larger. At mphys
l

we find

m

2
⇡

�

l

= 1.000� 0.029(34) + 0.061(34)

f

⇡

f0
= 1.000 + 0.110(19) + 0.021(20)

(38)

for the decomposition into LO+NLO+NNLO, normalized by the LO term. As with the SU(2) expansion,

45

NLO 370 MeV Cut NNLO 510 MeV Cut (Frozen)
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Figure 16: Heavy quark chiral limit (m
h

! 0, top), degenerate SU(3) limit (m
l

= m

h

, middle), and heavy

sea quark mass dependence with m

l

= m

phys
l

fixed (bottom), of the pseudoscalar mass (left) and decay
constant (right). The dashed (dash-dotted) vertical line corresponds to the heaviest light (heavy) quark
mass constrained by lattice data in the fit.

48

Decomposition of ChPT Expansion:  SU(3) symmetric

•	 For fπ see NLO = NNLO at /m m 20l l
phys = .

•	 Series appears well behaved until /m m 15l l
phys = , which is slightly above mK.
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Comparison with 2008 NLO RBC/UKQCD Fits

•	 Top left graph is previous 
result, with SU(3) chiral 
limit in blue and SU(2) in 
green.

•	 Top right is current NLO 
fit and also result when 
removing light masses 
from fit.

•	 Lower left histogram 
shows that fPS is above 
the fit for one ensemble 
and below for the other.

•	 Lower right shows that f0 
varies smoothly with the 
lowest mass used in the 
fit.
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Results for SU(3) LO and SU(2) LO LECs from SU(3) Fits

NLO fit

NNLO fit

Prediction

MILC (2010)

MILC (2009A)

MILC (2009)

200 220 240 260 280 300

Σ
1/3,MS
0 (µ = 2.0 GeV) [MeV]

90 100 110 120 130

f0 [MeV]

NLO fit

NNLO fit

Prediction from SU(3) fits

Prediction from SU(2) fits

FLAG

250 260 270 280 290 300

Σ1/3,MS(µ = 2.0 GeV) [MeV]

1.04 1.06 1.08 1.10

fπ/f

SU(2) 
LECs 
from 
SU(3) 
fit



22

Results for SU(3) NLO LECs

NLO fit
NNLO fit

Prediction
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MILC (2009A)
MILC (2009)
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Ratios of SU(2) LO LECs to SU(3)

•	 Top group of points (blue) are ratios from SU(2) fits and SU(3) fits

•	 Second group of points (red) are from SU(3) fits only, using 1-loop conversion of 
SU(3) to SU(2).

•	 Ratios are closer to 1 than previous estimates

•	 Should be 1 in large Nc limit

NLO fit

NNLO fit

Prediction

NLO fit

NNLO fit

Prediction

MILC (2009A)

MILC (2009)

0.8 1 1.2 1.4 1.6

B/B0
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0.8 1.2 1.6 2

Σ/Σ0
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Predictions for NLO SU(2) LECs from SU(3) ChPT Fits

NLO fit

NNLO fit

Prediction from SU(3) fits

Prediction from SU(2) fits

FLAG

C/G/L

G/L

0 1 2 3 4 5 6
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we compare our results to the MILC 2009 [51] and MILC 2009A [12] studies.

1.0 1.1 1.2 1.3

NLO Fits

NNLO Fits

MILC (2009A)

MILC (2009)
1.15(+42

�21)
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NNLO Fits

MILC (2009A)
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f/f0
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MILC (2009A)

MILC (2009)

�/�0

Figure 20: Ratios of the leading order SU(2) and SU(3) low energy constants from this work and from [12,
51]. The blue error bands are statistical, while the red error bands also include a systematic error associated
with our use of uncorrelated fits.

While our results for the ratio f/f0 are consistent with the MILC results, our larger value for B0 leads

to an O(1− 2σ) tension in the ratios B/B0 and ⌃/⌃0, implying smaller violations of the Zweig rule.

6.7.3 Other Physical Predictions

Table 18 summarizes a number of predictions for physical quantities we make based on our SU(3) fits.

We predict m
K

, f
K

, and the ratio f

K

/f0 directly from the global fit by interpolating/extrapolating to the

physical light and strange quark masses in the infinite volume, continuum limit. We also compute the next-

to leading order QCD isospin breaking e↵ects in the kaon system and the I = 1/2 (a
I=1/2
⇡K

) and I = 3/2

(a
I=3/2
⇡K

) ⇡K scattering lengths from the relations in Appendix A.5, and, after converting the SU(3) LECs to

the SU(2) LECs, the pion mass splitting and ⇡⇡ scattering lengths following Appendix A.4. While the pion

mass splitting and the ⇡⇡ scattering lengths are calculable in the SU(3) theory, we use the one-loop SU(2)

expressions which are likely less sensitive to the truncation of higher order terms at the physical point.

Free Frozen LO LECs
NLO+FV (370MeV) NLO+FV (510MeV) NNLO+FV (370MeV) NNLO+FV (510MeV) NNLO+FV (510MeV)

m

K

0.5171(64) GeV 0.4913(29) GeV 0.479(70) GeV 0.4982(30) GeV 0.4952(41)
f

K

0.15584(97) GeV 0.15566(20) GeV 0.160(42) GeV 0.15562(47) GeV 0.15601(49) GeV
f

K

/f0 1.363(36) 1.390(20) 1.25(39) 1.221(22) 1.349(22)

[m2
K

0 −m

2
K

± ]QCD/∆m

du

5.44(24) GeV 3.658(62) GeV 1.75(93) GeV 3.46(28) GeV 2.74(39) GeV

[
f

K

0

f

K

±
− 1]QCD/∆m

du

3.01(13) GeV�1 3.068(32) GeV�1 1.9(1.9) GeV�1 2.48(19) GeV�1 2.72(27) GeV�1

[m2
⇡

± −m

2
⇡

0 ]QCD/∆m

2
du

— — 45(45) 18(14) 11(16)

m

⇡

a

I=0
⇡⇡

— — 0.153(21) 0.1610(86) 0.1991(65)
m

⇡

a

I=2
⇡⇡

— — -0.0376(58) -0.0402(17) -0.0449(18)

m

⇡

a

I=1/2
⇡K

— — 0.124(18) 0.1435(56) 0.1376(92)

m

⇡

a

I=3/2
⇡K

— — -0.067(14) -0.0781(47) -0.0671(84)

Table 18: Predictions from NLO and NNLO fits and SU(3) ChPT. ∆m

du

⌘ m

d

−m

u

.

The predictions for m

K

and f

K

are most interesting for the lighter mass cut fits, since the fits with

m

cut
xy

= 510MeV contain direct lattice measurements of m
K

and f

K

on the physical point ensembles. For

these fits we are essentially performing a small interpolation to the physical kaon, and we expect that any

smooth fit ansatz which matches the lattice data reasonably well in this regime would also accurately pre-

dict m

K

and f

K

. The lighter mass cut fits o↵er a more interesting test of SU(3) PQChPT: the LECs are

56

Predictions from SU(3) ChPT Fits

•	 Since mπ, fπ and mΩ are used to set the scale, mK and fK are predictions

•	  π-K scattering lengths are also being calculated directly by RBC/UKQCD - see 
(T. Janowski, Lattice 2015).  The preliminary results are . ( )m a 0 16 2/

K
I 1 2 =r r
=  and 

. ( )m a 0 06 1/
K

I 3 2 = -r r
= .  Good agreement between these methods.
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Conclusions
•	 SU(2) NLO (350 MeV cut) and 

NNLO (450 MeV cut) fits are quite 
robust and accurate at the 1% level

•	 SU(3) NLO (370 MeV cut) and 
NNLO (510 MeVcut) well represent 
data and appear reasonably reliable.

•	 Good agreement between SU(3) NLO 
LECs and SU(2)

•	 Find ratio of LO SU(2)/SU(3) LECs 
close to 1

•	 David has measured ππ scattering 
amplitudes and is adding these into 
the fits, to further constrain LECs.

SU(2)

SU(3)


